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ABSTRACT

According to the Universe of Engineering from the Royal
Academy of Engineering, mathematics is the only discipline
listed that appears in every application of engineering. Because
of this major role, the question of a definition of engineering
includes the question of a definition of mathematics. Going
further to the educational field and looking at the participating
human beings, the question altersto a question of a definition of
Mathematical Giftedness. Modern concepts about that are very
vague. We present an approach to an extensive definition that is
based on cybernetic loops between research and practice, i.e.
an iterative process started by entering the empirical field and
performing developing cycles stemming from Design-Based-
Research. The expected product is a systems-theoretical
construct of Mathematical Giftedness, leading to innovative
changes in the fostering of mathematical gifted students by the
cybernetic most promising intervention at schools on the meta-
level of beliefs and attitudes of teachers and learners in an
incremental-evol utionary way. The paper is mainly focused on
the theoretical background, supported by a brief excerpt froma
current case study.

Keywords: Mathematical Giftedness, Systems Theory,
Cybernetic Loops, Design-Based-Research

1. FROM “WHO ARE ENGINEERS?” TO “WHO IS
MATHEMATICALLY GIFTED?”

Similar to I. Aleksander, who asks “what is engitreg?” [2],
we address the question “what is mathematical dyites?”.
According to what the Royal Academy of Engineeritagmed
the Universe of Engineering, the discipline ‘Matlaits’ is the
only one listed in the matrix in [28] that “has attin every
field referring to a special application. So, matiaics (once
again) seems to be the most fundamental science ivhemes
to deal with disciplines like engineering. Hendw fight for a
“comprehensive, open and adaptive” [10, p. 14] rd&din
somehow includes the definition of mathematics. 8loen N.
Callaos titles a paragraph with an underlined “Whrme
Engineers?” [10], to some account this implies thestion
“Who are Mathematicians?” — transferred to the atlonal
sector this is: “Who is mathematically gifted?”

Being concerned with the didactics of mathematicthie first
place, our main goal is to develop material to dpst
mathematically gifted students. But this has tobbsed on a
solid concept of mathematical giftedness initially.

2. MATHEMATICAL GIFTEDNESS

The concept of mathematical giftedness seems hamgrab.
There are even authors, who claim that there ispegific thing
as mathematical giftedness ([15], for example).eBthmainly
psychologists, claim that mathematical giftednesghtnbe
equivalent to some general kind of intelligence5][3for

example). Known for his research in the contexgiftedness,
D. Rost says “that the existence of an independent
,mathematical’ giftedness is highly controversial -
mathematical giftedness is, as lots of empiricatsfashow,
nothing else than general intelligence (problenviegl within a
numerical context).” [39, p. 94].

However, there is a large number of publicatiors thnply that
there is empirical evidence to the existence ofhsu
disposition. Given that specific mathematical gifiess exists
in some form, the common solution is to hand aclisttaining a
collection of certain mathematical abilities andrsomal
qualities (see among others [18], [22], [23], [24)d [36]).
Loosely speaking there seem to be two necessamcaspf
mathematical giftedness, i. e. abilities specificntathematics
on the one hand and general personality traitherother. The
first part contains mental skills like mathematicansibility,
memory, structuring, generalizing and reversion of
mathematical processes, whereas the second parandem
intellectual curiosity, willingness of exertion,yjdn problem
solving, perseverance and frustration tolerancees&hitems
more or less show up in recent surveys concertiagdpic of
mathematical giftedness. However, by looking atgtbject at
different times and within different cultural corte the
definition changes somehow. There always remainseskind

of vagueness that seems to be concept immanentceHen
conceptual approach by terms of systems theory givan in

(5]
The cultural-philosophical point of view

The “Law of cultural differentiation“ [20] refersotG. A.
Ferguson who says that “cultural factors presonhat shall be
learned and at what age; consequently differentucll
environments lead to the development of differemitgons of
ability* [14, p. 121]. So ,the anthropological appch shows
how the nature of a construct may vary across asavell as
space." [34, p. 308]. This position leads to thgeotion of the
common notion that mathematical giftedness is aindef
human trait, which someone more or less has onbasAs B.
Zimmermann puts it in [40]: the notion just mengonis an
one-dimensional perception that results from aneroft
institutionally desired quantifying linear assesatra students’
performance (by marks) classifying the better dredworse. In
contrast, different notions of mathematics may paty be
based on different kinds of mathematical giftednless may
also give rise to different concepts of mathembtijifbedness.
This has already been seen by Freudenthal: “Thieitief of
mathematics varies. Each generation and each subtle
mathematician within each generation formulatesefiniion
that corresponds to his or her skills and insigH&2, p. 53].
For the following approach this perception is wieéro a look
not only at mathematics but also at mathematidtddjiess as a
social construct within time and culture. The cqitoal
framework therefore is delivered by systems theamy post-
structuralistic sociology.



Historical discourses

A suitable post-structuralisticiew of mathematical giftedne
is that as a result of epochal cultural discoursbich were
describe first by M. Foucault in 1973. Analogously to 1
approach done in [10pr the case of engineering, we see
point of view in the same sense as RAtkoff stressing the fact
by which “historical analysis of the use of a cqrtcean ofter
reveal a trend in the evolution of the concept aoasisten
theme of meaning which persist through numeroustians”
[1, p. 148].

For illustrative aspects therare two extreme examples rela
to the description of being mathematically gif

a) Women: About 100 years ago in Germany there was
belief that mathematics is harmful to the femalgchs, a fac
that was based othe enormously successful boolAbout
women's physiological amentia“ [30This apparent absurdi
kept up till National Socialism, where girls in sadary school
only received limited mathematical educat[9, p. 49].

b) Asperger's Syndrome: This weakest form of autisrs Vit
described by H. Asperger in his habilitet thesis wherein h
spoke of “autistic psychopaths* [8fhich is a clearly medic:
or in modern terms even discriminating expressiéowever,
nowadays Asperger's Syndrome (in conjunction \
giftedness) is seen as a ratheneficial disposition of thereal
heroes of our computer ruled world“ ([3816]).

So, the aim is to formulate a “tentative definitibased on th
evolving core identified by a historical analys[10, p. 14].

Mathematical Giftedness in Systera Theory

Within the conceptual framework of systems thetwy $ysten
mathematical giftedness is an open mental dispasgonstruc
[5]. It is surrounded by the environment mathematitat
consists both of the mathematical truths (theoredefinitions,
...) and the individual researchersiking up these facts. Figu
1 illustrates the necessary structural couplings betwthe
system and its environment that describe the infiaeof
predominant philosophical notions about mathematos a
corception of mathematical giftedness. Hence, therea
structural change of the system because of thectstal
coupling with the environment. In terms systems theory this
means that “Mathematical Giftedness“vigble, i. e. however
the system changes structure, it will always adapt to ftl
limiting conditions of the environment [2p. 41. Furthermore,
viability in systems theory equates to the openés®nstruct:
that is demanded by science theory and psycho[7], [29]).

Mathematics

Math.

Giftedness

Figure 1: The system and its environment; structural couplings.

When it comes to environments, systems theory ffero
types of. In this regard mathematics ewironment 2“, whict
“is the world that creates sense for the sys* [25, p. 81]. The
further environmental factors that affect the syste
“Mathematical Giftedness" in a competitive way, tbot which

do not necessarily endow the system with meanirggose, ar
collected in tnvironment 1. An incomplete list for systems or
powers, respectively, within vironment 1 would be:
educational system, sociology, philosophy, psycdml
economy, fosténg, family, media, .... So, “Mathematical
Giftedness"manifests in different kinds and sles depending
on the notion ofmathematics and the current state of
discourse concerning the authorities in environmentHese
items can only be detected by entering the figla & certair
school, and investigating the predominant notionsd
characteristics by qualitative and quantitative hods. Henc
from a sociolgically point of view the question “Is this person
mathematically gifted?” should be altered to theesjion “Is
this person mathematically giftecwithin this specific
environment(s)?”.

Identification and fostering of mathematically gifted
students

For the prpose of fostering gifted studs, the identification of
those comes first. There has been done plenty of nds
emphasizing the quantitative aspect of differemtdki of test:
that historically range from a solely -test over bringing in
school marks up to modern multidimensional settin19],
[31]). However, in day-tatay school life there is one domin:
(non?y identifier and fosterer of giftedness, for exaepin
mathematics: the teacherand because of the viability of t
construct, theteacher's ide of mathematical giftedness may
differ from that of a professional mathematician and
researcher in mathematics education, respec.
Anotherquestion when it comes to fostering a certain tater
“How should it be done?” Or more prse in the context of
mathematics education: “How can innovative chanigethe
school curriculum or the teaching practise, respelst, aiming
at the optimal fostering of mathematically giftemidents, be
gained?”

Incremental-evolutionary changes on th meta-level

When we look at environment 1 surrounding the sgsi
Mathematics and Mathematical Giftedness, we arérdpaith
systems once agaiAccording to the definitions given i[27]
or [38] mathematics education in Europe and even mathen
education at a concrete school must be seen aspferfr
systens. Such are networks of multi connected components.
One cannot change a component without influencihe
character of the whole syste

Insights fromthe theory of cybernetics deliver a promis
approach to fruitful innovation in the teaching ges: ([37],
[6]). With reference to [27§wo dimensions of steering compl
systems can be distinguished. While the first disi@n
concerns thamanner, the second ordeals with the level of
steering activities (see Figu2).

on the meta-level

analytic- Incremental-
constructive evolutionary

on the object level

Figure 2: Seering of complex systems [37].

Hierarchicalauthoritarian systems, for example, are founde
the method ofanalytic-constructive steering. This principle



needs a controlling authority that defines ways feachingc
certain aims. However, complex systems are definsda
network that can potentially be in so many stabeg hobody
can cognitively grasp all possible states of thstem and all
possible transitions between the states. So thss &ipproact
fails by the fact that it would afford informatioabout the
system that cannot be gained in reality.

On the other hand one can try to focus on the akhgrowing
and developingrocesses and claim that the changes in con
systems only result from those. Thigremental-evolutionary
steering tries to influence these systemic proselsgeacceptin
the fact that complex systems cannot be steerecklgnin all
details. Insteadthis approach is satisfied with only little ste
i.e. incremental changes, in promising directiohisd as to the
metaphor of the butterfly’s wings that may change weathe
far away, every small step may cause unpredic
consequences. So with pest not to endanger the soundnes
the whole system, only small changes are esst
Perpendialar to this dimension, Figure illustrates the
dimension that distinguishes between tibgect and themeta-
level. As the name implies, the object levelnsists of all
concrete objects of the system. In the system ahér
mathematical education these would be the teachibis
students, the materials as books, computers, s@ftwhe
buildings and so on. In contrast, the metzel comprehends
organisatnal structures, social relationships, notions fué
functions of the system etc. In the educationaltesyse.g
notions of the subject mathematics and beliefs eoricg
learning and applying the subject matter are omlthiel.

For the question, howubstantial innovations in the compl
system “mathematics education” can be initiateccessfully,
the theory of cybernetic says: attempts of ane-constructive
steering will fail in the long term, since they ae the
complexity immanent in the syste changes on the object ley
do not necessarily cause structural changes ofykstem; ir
contrast, it is much more promising to initiate rements-
evolutionary changes on the mégael of beliefs and attitude
of the teachers and learners, see Figu@rBthe one hand the
are in accord with the complexity of the system alud not
endanger its existence, and on the other hand darycaus:
substantial changes within the system by havingcedfon the
meta-level, especially whehey work cumulativel\[37].

on the meta-level

analytic- Incremental-
constructive evolutionary

on the object level

Figure 3: Innovations in complex systems[37] .
Cybernetic loopsbetween research and practic

Working in the area of mathematics education, werrence
again tothe Universe of Engineering i[28] and restrict
ourselves to the application ‘education’. In ortteicontruct a
reliable definition of Mathematical iledness as well as

develop and implement changes in the mathematéhatagion
of mathematically gifted students at specific sé¢bcwe rely on
an iterative process going from theory and resetrgtractice
and back. The (positive or negatifeedback ancre-feedback

forms a cybernetic loop establishing informing proces
between research and prag, illustrated in Figure 4.

Mathematics .
Research ) Practice
Education

Theories, Beliefs,
Modells, Attitudes,

Concepts Experiences

Figure 4: The cybernetic loop between research and (school)
practice in mathematics education.

Actually, giving feedback to thstudied empiric field, may be
seen as ‘consulting’ in the educational sectorsThonsulting
is research [and] offers the earcher one of the most effective
channels from achieving impac[17, p. 485].

By specialiing the loop to the development of new mater
for the fosteringof mathematical gifted stude the informing
process leads to the so called De-Based-Research (DBR). In
order to achieve a stistainabilit of innovation* [32] the
original motivation and basic ideis to study learning
phenomenanot inside artificial surroundings but in re
situations [8].By systematic development, testing, evalua
and redesign, a postulated complexity of learning proes
shall be approximateth a better wa. This means in practice
that in front of the background of theoretical thbts a
teaching-learning-scenaris developed and implemented int
concrete learning situation. After testing and eatibn of this
scenario in the field, the learning unit is optiedz[21]. The
DBR-approach again can be illustrated in form of a [13, p.
153] as done in Figure 5.

Knowledge from theory Design

Analysis Knowledge into theory

Implementation

Figure 5: n-th step of the iterative innovation process within the
DBR-approach.

As results from the iterative process there aré batheoretica
output concerning the knetww for the design process and a
practical output in form of concretimprovements for the
evolvement ofinnovative potentials in di-to-day educational
practice ([11], [12], [4])In the context of the theoretical outy
and by generalizatioof design solutions, -called “design
frameworks“are gained whicrepresent coherent guidelines for
the design of learning environmel

3. EXAMPLE : EXCERPT FROM A CASE STUDY

In order to establista custor-made material-based program
that suits — and, in casehange< the predominant concept of
Mathematical @tedness at a specific Germschool for high
attaining pupils, the anifestation of the construct
Mathematical Giftednesat this specific schowas investigated
by qualitative teacher intervie. Furthermore, for reasons of
validation and to cover the beliefs and problemssk gioups,
group discussiong/ere done in a ne-directive way with each



group consisting of about five low and high, respety,
attaining students from the 11th and 12th gradalithkahally, a
guestionnaire was given to the students in ordavaduate the
beliefs, notions, self-perceptions and interestmathematics in
a quantitative way, supporting and grounding thalitative
data (and vice versa).

Description of field and sample

The school is a German boarding school for higleeosdary
education. So the students at this school are dibetuteen 15
and 18 years old. The classes are small and coofkid6
students with equally distributed gender. All studethat want
to apply for the school must have at least the rfgokd” in the
main subjects German, mathematics, one foreignukzgeg and
one natural science. Furthermore, the average matthke last
two school reports has to be at least “good”, Btodents that
fulfill the requirements with respect to marks haeepass a
further selection process that consists of the lligeace
structure test I-S-T 2000 R [26] and a two-day sssent
centre concerning their social skills.

All (eight) mathematics teachers were interviewad an
individual, problem-centered and episodic way wiblcus on
their beliefs concerning their notion of mathenstic
Mathematical Giftedness and the students at ticeiod. From
the transcript excerpts an empirically groundedchgsion on
the predominant concept of Mathematical Giftedriegzactice
can be drawn and set in contrast to the predomicamtept in
research.

lllustrative data from a teacher interview

Teacher A is 47 years old. He has worked at theddr six
years, earned a PhD in a non-math subject and reslexal
years experience of working with gifted studentsditerent
secondary schools before entering the current $chiee
interview lasted 55 minutes.

Teacher A: notion of mathematics: Teacher A
addresses several aspects. His answers can beatsepar
according to different topics. So, the main theraes listed,
followed up by some quotes stemming from the inesww
(translated into English):

- leisure “[...] thinking it over relaxed and quietly, thisxd
then concentrating on it, that gives a better rétur

- philosophical thoughts'[...] it must make sense. | mean
that philosophically, too. Because you said whapilgu
should answer to what is mathematics. Yes. (.) Tha

matter of taste either way, but that it makes sense

somehow.”

- communicative proces$Mathematics is a communicative
process.”

logically clearly defined and also communicative
intellectual game*“l hope they don't see mathematics as
deterrent but as (.) a logically clear definedapd also (.)
communicative intellectual game.”

intellectual appealing world of thought]...] as an
appealing, intellectually appealing, but that'soaés matter
of taste, intellectual appealing mhh (..) worldledughts”

- also applications“That is a matter of taste either way, but
that it makes sense somehow. ((hm)) (..) Eithert jus
cognitively or by application*

- intellectual joy, happinessThe goals? ((yes)) Well, that
the pupils have intellectual fun [...] Joy, actuathat’s the
highest goal.”

Teacher A: manifestation of Mathematical
Giftedness: When teacher A was asked for his idea of
mathematical giftedness, the interview again defidesome
main points:

- intuition; sensing the overall train of thought®vell, | see
that in fact that they actually sense the poirit afl without
that | would have spent many words about the probje..]
a kind of intuition, aha, so now there is this ahdt and
this. That they sense the overall train of thougttiere the
method will lead us”

interest in_alternative definitions and the coroesting
consequences|...] it is the permanent attempt (.) can’'t we
play differently? ((yes, yes)) And if yes, where uka this
lead us to? If no, why doesn't it work out?”

aesthetical sensation and jo{fhose have more fun than
usual. [...] Over the fact that this is a beautifahstruction
of the theory ((ah, yes, certainly)) Or: what a derful
exactness! ((mhm)) So this joy over a good constmc
[...] they really feel it.”

Teacher A: looking at the structural coupling:
Teacher A has a very high-level and sophisticatetion of
mathematics. Because of the structural couplinge/dmn the
system Mathematical Giftedness and its environmeht
mathematics this leads to strong correlations weticher A's
idea of Mathematical Giftedness, see Table 1.

Notion of Mathematics Math. Giftedness

« leisure « intuition: sensing the
. . overall train of
« philosophical thoughts thoughts

* communicative process |, interest in alternative

« logically clearly defined| definitions and the

and also communicatiye corresponding
intellectual game consequences
« intellectual »®appealing® aesthetical sensatio

world of thought and joy about that

=]

« also applications

« intellectual
happiness

joy,

Table 1: Notion of mathematics and Mathematical Giftedness of
teacher A; parts corresponding to each other are indicated by
arrows.

A bunch of insights from the ongoing process

Proceeding further on the cybernetic loop in Figlireetween

the two worlds of research and practice there wssreeral

unexpected findings that made their way into thelesign of

theoretical ideas and constructs. We list some plesn

- From the other teachers’ interviews came the congen

that in spite of the more or less equalizing seect
process and the school’'s official focus on math@sat
there is still an enormous heterogeneity in mathesa
classes.



teachers are
most  with

- Although all
professionals,

extremely qualified
international or

different. The extreme counterpart to teacher ASsam,

for example, may be teacher B, who claims that

mathematics is nothing more than a useful tooldies
equations and formulas.

- Almost all teachers confessed that the main prolviten
it comes to the students’ performance (in mathemsati

too) may not be their potential giftedness, but the
psychological hindrance of a narcissistic woundt tha

comes from being confronted with just best-of-studén
class and the eventual loss of this status foralhes

A parallel survey was the questionnaire addrestfiagtudents:

- Some big differences could be seen in the answeers t
questions concerning the students’ atstude
towards mathematics and the subsequent notion eof th

several

subject between the #nd the 1% grade.

- The evaluation of the answers concerning the statlen
interest and self-perceptions with regard to mattas
revealed an always higher valuation of the subfsct
themselves in contrast to their meaning about riterest
and self-perception by the rest of the studentsass.

With respect to the first item, the discussion guwith

selected students showed for example that the ééacind the
classroom colleagues’ behavior have big influence tbe

motivation and the attitude of the students towandthematics.
Those secondary environmental factors have to bsidered

according to a model explaining the relationshipwieen a
giftedness potential and the quantifiable assessnian
mathematics as illustrated in [36], for instance.

In order to answer open questions, to validateeitieacted data
from the qualitative and quantitative surveys, amdkeep the

cybernetic loop moving”, the author visited thddiagain and
presented the preliminary results to the teachigrs. feedback
from the research side led to a (re-)feedback fiteenconsulted
practical side which will influence the design dgbpticable

material. Further iterative loops between researmth practice
will eventually reveal deficits within the learningnits which

will lead to improvements once again.

4. SUMMARY

The goal of the whole research process shown spghper is
that stepping down from a bird-eye’s view from @sh onto
practical mathematical education in schools andingpinstead
iteratively on a synergetic cybernetic loop will e one hand
hopefully bring up a modern, “comprehensive, operd a
adaptive” [10, p. 14] constructed theory of Mathé&ozd
Giftedness, which is on the other hand accompabigedan
adequate catalogue of fostering materials for nmagtieally
gifted students at specific schools and beyondo#ding to the
theory of cybernetics, careful interventions in tfield via
incremental-evolutionary acts on the level of nagiand beliefs
will be the most promising way to establish succesghe
education of mathematically gifted students.
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